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Abstract 

The decomposition of Spm c (4) gauge potential in terms of the Dirac 4-spinor is 
investigated, where an important characterizing equation AA^ = —XA^ has been 

1 1 2 

discovered. Here A is the vacuum expectation value of the spinor field, A = ||<J>|| , and 
A^ the twisting U(l) potential. It is found that when A takes constant values, the 
characterizing equation becomes an eigenvalue problem of the Laplacian operator. 
It provides a revenue to determine the modulus of the spinor field by using the 
Laplacian spectral theory. The above study could be useful in determining the spinor 
field and twisting potential in the Seiberg-Witten equations. Moreover, topological 
characteristic numbers of instantons in the self-dual sub-space are also discussed. 
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1 Introduction 



Great importance has been attached to four- dimensional manifolds in the research of 
topology [lj. In 1983 Donaldson used instantons to prove new theorems and developed 
topological invariants for 4-manifolds. In 1994 Witten proposed the Seiberg-Witten equa- 
tions in the study of the Spin c (4) bundle and gave a new invariant for classifying 4- 
manifolds. In this paper we will use a physical point of view — gauge potential decom- 
position — to study the gauge fields and topology on 4-manifolds. 

In recent years gauge potential decomposition has established itself a useful tool in 
physicists' mathematical arsenal [21 [3l HJ [5]. Its main idea is to reparametrize gauge 
potentials, such that characteristic classes — which are originally conveyed by gauge field 
strengths — can be re-expressed in terms of basic fields on manifolds. These basic fields 
can be vector fields, spinor fields, etc. It is known that characteristic classes are topological 
invariants causing non-trivial observable topological effects in physical systems. Such a 
change of building blocks will lead to disclosure of hidden geometric aspects of physical 
problems, such as topological charges and locations of excitations, etc., which are difficult 
to achieve by other means. This is the significance of gauge potential decomposition, 
consistent with the essence of the Poincare-Hopf theorem [6]. 

In this paper our starting point is the decomposition of the Spm c (4) gauge potential. 
The decomposing basic field employed is the Dirac spinor field. The results could be 
useful for the discussion of the Seiberg-Witten (SW) equations. This paper is arranged 
as follows. In Sect. 2 the decompositions of the Spin c (4) potential is given. In Sect. 3, an 
important characterizing equation is obtained. It is found that this equation will become 
an eigenvalue problem of the Laplacian operator when the vacuum expectation value of 
the spinor field takes constant values. This study could be applied in determining the 
twisting potential and spinor field in the SW equations. In Sect. 4, we investigate the 
topological characteristic numbers of instantons in the self-dual SU(2) + sub-space. In 
Sect. 5, we conclude the paper by presenting a summary and discussion. 

2 Decomposition of Spin c (A) Gauge Potential 

Let M. be an oriented closed Riemannian 4-manifold possessing a Spm(4)-structure, 
Spin{A) = SU{2) + <g> S77(2)_ PQ. Let P be a principal Spm c (4)-bundle on M. Spin c (A) 
is obtained by [/(l)-twisting Spin(4), Spin c (4) = Spin(4) ® L, where L is the twisting 
line bundle. Spin{4) is the double-cover of the group space of SO(4). Their Lie algebras 
spin(4) and so (4) are isomorphic. 

Consider a general Dirac equation describing massless neutrinos under an electromag- 



netic field 



7^ - - ir f A i& = °- (!) 

Here /i = 1,2,3,4 denotes the base manifold indices. -D M \1/ is the covariant derivative for 
the Dirac spinor field = d^ — {uj^ + iA^). (u^ + iA^) is the Spin c (4) gauge potential. 

A^ is the i7(l) potential of L, y4 M e R. cj m is the £0(4) potential, ^ = ^LU^Iab, with 
^afc = — ^6o- lab (a 7^ &) is the £0(4) generator realized by the Clifford algebraic 
2-vector, I ab = ^[7 a ,7&] = \lalb, with a,b — 1,2,3,4 denoting the Clifford algebraic 
indices. 7^ = e^ a is the general Gamma-matrices, raised by the vierbein from the 
Dirac matrices 7 a . 

Our task is to decompose the Spin (4) potential + iA^ in terms of the basic field 
Defining u abc = e^u^, one has 

7<A# ~ ^o6cT«T67c* ~ 1*4,7-* = °> ( 2 ) 

where <9 a = e^<9 M and A a = e^A^. We notice that u abc may be written in three parts: 

^abc = ^abc + ^abc + W abc> ( 3 ) 

where o;^ c is fully anti-symmetric for a b c, uJ abc symmetric for a b, and uJ abc symmetric 
for a c: 



to. 
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-(^abc + ^feca + ^eaf>), ^ a 6 c — gO^afcc + ^bac), ^ a b c — ~ (^abc + ^cba)- (4) 

Defining for convenience 

UJb = 2a> a 6 a , &a — ^abcd^hcdi (5) 

one obtains after simple Clifford algebra: 
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^abclalblc = ~ldl5^d, ^abcloHblc = "g^Tc, ^ll^alblc = ~^blby (6) 

where 75 = —71727374- Hence fl"2]) can be rewritten as 

lad a ^> + ^7a(^a + 75^a)^ ~ l4l7a* = 0. (7) 

It is easy to see that when the £0(4) gauge potential uo^ is Hermitian, the components 
co^s are purely imaginary, and then u a and Cj a are purely imaginary, u a ,u a € * [I]- 
Thus uj a and & are anti-Hermitian and are physical {7(l)-like gauge potentials. Then the 
conjugate of ([7]) is 

9a* f 7a - ^(U a + "f B U> a )j a + »4.* t 7a = 0. (8) 



Eqs.(J7j) and (jSJ) are the starting point for further decomposing steps. Introduce two 
real parameters p and 9, 

p = v^M^MF, (9) 

\]>tv[/ ^'y^ 

coshtf = , sinhfl = — . (10) 

P P 

One has the so-called duality rotation e r ' e = cosh 9 + 7 5 sinh 9. Then, considering 

(A) ^t 7bX Eq.(jZ|)- Eq.(|HJ)X7 6 tf, we have 

= -2d a (&I ab V)] 

+ -ujbpcosh9 + -ujbp smb. 9 — 2iA p cosh 9\ (11) 

(B) ^7675 xEq. (jZ))- Eq. 0x757^, we have 

= [(* t 75^-9 6 * t 7 5*)-25 a (^Va6*)] 

sinh 6 1 + 2^6^ cosn ^ ~~ 2iA b p sinh 0. (12) 
Eqs.f TTTj) and f)T2|) yield a decomposition for ^ + zv4 M [8]: 



7^ (w„ + * 



P 



(13) 

The expression ( Fl3l) is generally covariant for the coordinates of the Riemannian base 
manifold. One should eliminate from (1131) the arbitrariness in the evaluation of the metric. 
Following the routine of general relativity a coordinate condition for the vierbein should 
be adopted as a restraint. We choose the harmonic coordinate condition [9]: 

^(^ A )=0 i.e. e ^e: + ^ a e: = 0. (14) 

Under this condition the coordinate system will degenerate to the inertial coordinate 
system when the gravity vanishes [10J. Defining 7 M „ = e^e^I^, we arrive at the Dirac 
spinor decomposition expression for the Spin c (A) gauge potential: 

-V, (*Y M tf) - V, ( 75 ^ t 7%75^) } (15) 
It is recognized immediately that the first two terms in (1151) 

j, = \ [(^* f )* - *%*] , h=\ 1(^^)75* - ^75^*] ( 16 ) 



are respectively the velocity current and pseudo-velocity current in quantum mechan- 
ics. For the last two terms, recall the covariant first Maxwell equation in the generally 
covariant U(l) electromagnetics [8]: 



V„(/" M ) = J„ (17) 

where f p M denotes a field strength tensor and an electromagnetic current. It is recog- 
nized that (^Vm*) and (l5^h u i^l5^) are two U(l) field tensors 

Thus the last two terms of (fl5l) become two currents: 

V„(*W*) = J» V,(*Vm75*) = ^- (19) 

And ( TT5T) reads 

7" K + zA M ) * = - Ve"^ + 75^ + J M + 75 J M ] (20) 

In the following sections the essence and significance of and J M will be further revealed. 

The above Dirac spinor decomposition of the Spin (A) gauge potential, Eq. ffl5|) i.e. 
Eq. pOl) . is of independent importance. It could find applications in many physical prob- 
lems besides in the current paper. For instance, when = 0, ( 120]) gives the Dirac spinor 
decomposition of the SO (4) potential, which may be useful for obtaining topological ex- 
citations in higher-dimensional quantum Hall systems and the Dirac spinor structure of 
the SO (4) Chern-Simons form [5l [TT] . 



3 Laplacian Characterizing Equation 



Eq. (1201) can be written as 

Y (oo^ + iAp) = -7 A 



^rt^r _ 75 \]>t 75 \]> 



21) 



(tfttf) 2 - (^t 75 ^)2 

The Spin (4) space is a direct sum of the self-dual and anti-self-dual sub-spaces, denoted 
respectively by (S (g> L). The spinor fields in them are respectively ty±: 75 ^± = ±^±. 
For the purpose of discussing instantons and the Seiberg-Witten equations in the following 
text, we focus on the self-dual S + ® L. Then (12T]) becomes 



7^ {u„ + zA„) * 



-r 



:22i 



where for notation simplicity has been denoted by and 75 takes value +1. 



Choose the Dirac-Pauli representation for the 7-matrices: 

7i= ( ° Z %(Jt I : 74 = [ ! ° , ] , 75= I " I I , (23) 






with <7j, i = 1,2,3, being the Pauli matrices. Thus \I/ = ( $, $ ) T , where $ is a Pauli 
2-spinor. Then considering the Maxwell equation in terms of the self-dual \l/ [8], 

d,A u - d v A» = -i&y^, (24) 

fl22l) becomes 



7^ + iAfj) ¥ = 7 



2$t$ v M ^ 7 $t$ 



¥, (25) 



where A = -j=d u (g uX ^fgd\) is the Laplacian operator, and the Lorentz gauge V V A U = 
has been imposed. 

In the previous work [4] we have obtained the decomposition of an SU(2) gauge 
potential w = aidx^ in terms of the Pauli spinor $ 

^=V($)-^[v($)]/, (26) 
where j At ($) = (<9^$$t — $^ t $^). The U(l) projection of onto the direction of 

cf>t,T-<f) 

S P m S i = 2ilf$ IS 

Comparing the first term on the RHS of (|25p with (1271) . one sees that the former gives 
rise to the SU{2) + gauge potential zu^ in the self-dual sub-space. Therefore, for (|2"3"1) an 
important case is discovered: if, in particular, the following equation holds, 

AAf, = -AA M , loit/i A = (28) 

then f[2"5"j) leads to an S*?/ (2)-type decomposition. f[2"8"j) can be regarded as a characterizing 
equation of the twisting potential A^, which provides a possible revenue to study Spiff {4) 
gauge field by investigating the (S + <S> L) sub-space. 

There are three points to address for (|28|) . Firstly, a remarkable case for (|28|) is 
that A takes constant values. This makes the equation become an eigenvalue problem of 
the Laplacian operator A, with A being the eigenvalue and A^ the eigenfunction. This 
Laplacian eigenvalue problem has been investigated by many authors [12J. Important 
theorems on the spectrum \X(k), /(&)! k — 0, 1, 2, • • •} have been obtained, including those 
concerning the estimates and properties of the eigenvalues. Actually, if the base manifold 
has no boundary, A is an order-2 elliptic self-adjoint operator with discrete eigenvalues 
{0 = A( ) < A(i) < A (2) <•••}, while the non-trivial eigenfunctions \ f(k) £ C°°(Ai)} form 



an orthogonal basis in the Hilbert space. (A(fc)} is the spectrum of the gauge-invariant 
vacuum expectation value of the self-dual spinor field This provides a method to study 
{A(fc)} and the U(l) twisting potential A^. 

Secondly, for the case of the zero-eigenvalue A( ) = = (i.e. |$| = 0), the 

corresponding solution space is finite-dimensional. This case will be discussed in detail in 
Sect. 4. It will be shown that the zero-points of $ correspond to the instanton solutions, 
whose topological charges account for the second Chern numbers. 

Thirdly, the Laplacian operator A is an unbounded operator, as A(&)|, — > oo. One 
can introduce a heat operator e* A , which is bounded because e~ <A ( fe > |, — ► for Re t > 0. 
Defining = e tA f{k) from the above eigenfunctions {/(&)}, it is easy to check that 
serves as the solution of the heat equation (—A + d t )$ = 0. The solution $ is given by 
the so-called heat kernel function H(x, y, t) 

(e tA f)(x)= [ H(x,y,t)f(y), V/ e L 2 (M). (29) 

JM 

The concrete form of H(x, y, t) depends on the background geometry of the base manifold 
M [12]. 

We address that the above theory could be useful for the study of the Seiberg-Witten 
(SW) theory. The SW theory determines the exact low-energy effective Lagrangian of 
the Af = 2 supersymmetric Yang-Mills gauge theory in terms of a single prepotential 
T p2J H3]. It resulted in a revolution in string theory in 1994, and also played an 
important role in topology pQ by providing a powerful SW invariant for the classification 
of four- dimensional manifolds. Taubes proved that the SW invariants are equivalent to 
the Gromov invariants for symplectic manifolds. 

Let DJl be an oriented closed Riemannian 4-manifold possessing a S'pm(4)-structure. 
Usually DJl is considered to be boundaryless. Let V be a principal Spin c (4)-bundle on VJt. 
The SW equations read 

d +a^ + = Yd^ + -^n^ + -i^A^ + = U, (30) 

F +IW = d tl A v -d v A ti = -ml ltlv y + , (31) 

where = \VL^ ab I ab is the 50(4) gauge potential, with ant i- Hermit ian and VL^b G H^- 
F +fll/ is the self-dual component of the curvature. D +A is the twisted Dirac operator, 
D +A : T(S + ®L) — ► r(S , ~®L), where L is the twisting line bundle and S ± <^>L respectively 
the twisted self-dual and ant i- self- dual sub-spaces. ^ is the self-dual solution of D +j4 . 
Eq.fl3Tl) is the so-called monopole equation. Given Q^, the A^ and ^ + are two unknowns 
for the set of Eqs. fl30ll3B . 

It is easy to recognize the similarity between the two sets Eqs.f l3TJf3"T|) and Eqs. (|lf24|) . 
Hence the above theoretical results, as well as the coming discussion about instantons, 
might give rise to a new method for the study of the SW equations. 



4 Topological Characteristics of Instantons 



When ( ]28l) holds, (|25|) presents the SU(2) + gauge potential w^. In following it will be 
shown that the spinor structure of contributes to the second Chern classes of the 
577(2)+ sub-bundle. 

From the Chern-Simons 3-form constructed with w, Q + = ^Tr{w Adw —"^w Avo Avo) 
(see Ref. jl] and references therein), using fl26l) one acquires the Pauli spinor structure of 

Q + = -^-&d$ A d& A d$. (32) 
Air 2 

The second Chern class C2+ is given by C2+ = dVL + = p + (x)d 4 x, with p+(x) the so-called 
Chern density. Then 



C 2+ = —d& A# A d& A (33) 



1 

i.e. the Chern density p+(x) = —^e^ Xp dp&d l/ Q>d\&d p <$>. This expression is consistent 
with the SU(2) Chern density obtained in Ref. [4J. 

In order to study the inner structure of C2+, we employ the component form of the 
Pauli spinor $ = ( 0° 2 + i<fi 3 ) T and introduce a unit vector n A = ^ with 



a^a _ L Rere 0A G R and $ t$ = (pA^A = ii^i^ A = 0,1,2,3. Obviously the 



n n 



zero-points of <p are the singular points of n . Define a normalized spinor 

1 / n° + in 1 \ 

V$t$ V rr + in 6 J 

Then in terms of n A one has p+(x) = — t^s^ ^ABCod^n d u n B d\n d p n D , which can be 
given by a 5-function form 

p+(x) = -5\t)D&, (35) 
x 

where D(<j>/x) is a Jacobian, e ABCD D(^) = e^d^d^d^ 'd p <f) c '. Eq.([35]) implies 
that p+(x) = iff <p 7^ 0, while p+(x) 7^ iff <fi = 0. So it is sufficient to study the 
zero-points of <fi to determine the non-zero solutions of p+(x). Meanwhile, one should 
bear in mind that ||0|| = corresponds to the zero-eigenvalue of Eq. (|28p . 

The implicit function theory [15] shows that under the regular condition D(<f>/x) 7^ 0, 
the general solutions of the zero-point equations A (x x , x 2 , x 3 , x 4 ) = are expressed as iV 
isolated points: x M = Xj , j = 1, • • • , N. In the neighborhood of the N zero points, <5 4 (0) 

. Here the positive integer /3j is called the 



is expanded as [16]: 5 A {4>) = Y^f =1 ^d^/x)^ 
Hopf mapping index. It means topologically that when a point x covers the neighborhood 
of the jth zero-point Xj once, the vector field <p A will cover the corresponding region in 
the 0-space for /3j times. Then, p+(x) is re-expressed as 

N 

P+( x ) = -J^PjVj^ix - xj), (36) 



where rjj 



\D{J>/x)\ 



X 



sign[D(&)] x . is introduced, called the Brouwer mapping degree. 



( 136]) shows that the Chern density is non-zero only at the N 4- dimensional zero-points 
of (f) A . These self-dual singular-points are regarded as instanton solutions in the SU{2) + 
sub-space, with their topological charges characterized by (3j and rjj. 
Integrating the second Chern class yields the second Chern number: 



Since the base manifold Ai is 4-dimensional, the second Chern class C2+ is the top Chern 
class, i.e., the Euler class on M.. Hence the Euler characteristic, which is the index sum 
of zero-points of the smooth vector field 4> A on M. (Poincare-Hopf theorem), is obtained 
by the Gauss-Bonnet theorem: 



3=1 

This result demonstrates that the topological invariant x+i-M) arises from the contribu- 
tion of the topological charges of instantons. 

5 Conclusion and Discussion 

In this paper we obtain the Dirac spinor decomposition (1151) . i.e. ( |20|) . for the Spin (4) 
gauge potential u; M + iA^. Comparing it with the decomposition of the SU{2) potential 

we find a U(l) characterizing equation (I28p . An important case for this equation is 
that A takes constant values. Then (1251) becomes an eigenvalue problem of the Laplacian 
operator, with the eigenvalue being the vacuum expectation value of This thus pro- 
vides a possible method — the spectrum of the Laplacian operator — to determine the 
spinor field and twisting potential in the Seiberg-Witten equations. Moreover, topological 
charges of instantons are expressed in terms of the characteristic numbers j3j and rjj. 

Some remarks are in order. Firstly, in Sect. 3 one has extracted ( |25|) from (125|) . Another 
interesting choice is to modify the U(l) potential in (1251) as = A^+a^. Here A^ satisfies 
( I28p . while a M leads to a 5-function like field strength: 




(37) 




(38) 



da oc S 2 (0), 



(39) 



with being a vector defined from the spinor $ in the self-dual sub-space. A choice for 
a M is the Wu-Yang potential [5J: 

oc e\ • <9 M e 2) (40) 



where (ei,e*2,m) is an orthogonal frame with m = defined as a 3- dimensional unit 
vector in the self-dual sub-space. Thus, will contribute to the LHS of (125]) a Chern- 
class term containing a 2-dimensional 5-function, which indicates the impact of the 2- 
dimensional zero-points of (e*i, e^). a M will also contribute to the RHS of fl25|) a Schwinger 
term related to a central extension, which describes the 3-dimensional zero-points of m. 

Secondly, it has been pointed out that uo^ below ([7]) is Hermitian but fl^ in ( 1301) is anti- 
Hermitian. The physical meaning of imaginary gauge potentials should be investigated 
[TJ. Another consideration for this problem is the following. Notice that in ([7]) \u) ai ~u) a 
and %A a are all purely imaginary potentials, i.e., they are in the equal situation. Therefore 
one can regard that in (1301) an imaginary SO (4) gauge potential A M can be introduced to 
deliver the twisting action of the potential iA a exerted on Q^. 
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